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1. Let V be an abelian group. Show that V admits at most one structure
of Q-module. That is, there is at most one choice of the scalar multi-
plication Q × V → V which (together with the given addition on V )
satisfies the axioms for a Q-module. [20]

2. (a) If R is a commutative ring which is non-trivial, then show that the
R-modules Rn, n = 1, 2, 3, . . . are mutually non-isomorphic.

(b) Let V be a real vector space with a countably infinite basis
{vn : n = 1, 2, . . .}. Let R be the non-commutative ring consisting
of all linear transformations from V into V (with usual operations).
Let S, T ∈ R be defined by

S(vn) =

{
vn/2 if n even
0 if n odd

T (vn) =

{
vn+1

2
if n odd

0 if n even.

Show that {S, T} is a basis for R as an R-module. Hence conclude that
the R-modules Rn, n = 1, 2, 3, . . . are all isomorphic.

[10+20=30]

3. (a) Prove that a module M is Noetherian iff all its submodules are
finitely generated.

(b) Show that the set of all algebraic integers in C constitute a subring
of C.

(c) Show that the ring in (b) is not Noetherian.

[10+10+10=30]

4. Let R be a commutative ring and I be an ideal in R[X]. Put
A = {x ∈ R : x = 0 or x is the leading coefficient of some non-zero
element of I}. Show that A is an ideal in R. [20]

5. Let ω 6= 1 be a complex cube root of unity. Let R = Z[ω].

(a) Find all the units in R.



(b) Show that R is a euclidean domain.

(c) Find all the prime elements of R.

(Hint : For the last part, you may assume the following fact with-
out proof. If p is an ordinary prime there are integers x, y such that
x 6≡ 0 (mod p), y 6≡ 0 (mod p) but x2 + xy + y2 ≡ 0 (mod p) iff either
p = 3 or p ≡ 1 (mod 3) ) [10+10+10=30]


